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Transfer of spin squeezing and particle entanglement between atoms and photons in
coupled cavities via two-photon exchange
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We examine transfer of particle entanglement and spin squeezing between atomic and photonic
subsystems in optical cavities coupled by two-photon exchange. Each cavity contains a single atom,
interacting with cavity photons with a two-photon cascade transition. Particle entanglement is
characterized by evaluating optimal spin squeezing inequalities, for the cases of initially separable
and entangled two-photon states. It is found that particle entanglement is first generated among
the photons in separate cavities and then transferred to the atoms. The underlying mechanism is
recognized as an inter-cavity two-axis twisting spin squeezing interaction, induced by two-photon
exchange, and its optimal combination with the intra-cavity atom-photon coupling. Relative effect
of non-local two-photon exchange and local atom-photon interactions of cavity photons on the spin
squeezing and entanglement transfer is pointed out.
PACS numbers: 42.50.Pq, 42.50.Ex, 42.50.Dv, 03.67.Mn
I. INTRODUCTION
Recent investigations of quantum tunneling dynamics
of two bosonic particles in photonic [1] and atomic [2] set-
tings reveal their rich dynamical features, not available
to typical single particle tunneling situation. In the case
of ultracold atoms in optical lattices, pairwise tunneling
yields rich quantum phase diagrams [3]. It is proposed
that two-boson tunneling can be realized by coupling
molecular states to atomic ones. Similar scenario was
considered before for spin squeezing [4, 5] and entangle-
ment generation. Entanglement properties of two-photon
exchange coupled cavities was analyzed in detail for the
cases of two and four dimensional Hilbert space systems.
These results could set the pathway towards massively
correlated multiphoton nonlinear quantum optical sys-
tems [6, 7], which are rapidly developing modern subjects
nowadays. The motivation of interest to such systems is
their promise in quantum switching, quantum communi-
cation and computation and quantum phase transition
applications.
Motivated by the link between the two-particle tunnel-
ing in atomic systems and spin squeezing, as well as its
generation schemes based upon quantum state transfer
between optical and atomic systems [8–13], our aim is
to investigate similar spin squeezing route to particle en-
tanglement in two-photon exchange coupled optical cav-
ity system. Previous studies investigate entanglement in
the whole atom-photon Hilbert space in two and four di-
mensions [1]. Our objective is to examine spin squeezing
within photon and atom subsystems and to consider pos-
sible transfer of the particle entanglement between the
two subsystems.
In this paper, we reveal the inherit two-axis twisting
spin squeezing interaction nature of two-photon exchange
∗Electronic address: omustecap@ku.edu.tr
interaction. The non-local interaction between the cavi-
ties induces spin-squeezing in the photon subsystem. In-
duced spin-squeezing in the photon subsystem is then
transferred to the atomic subsystem by the local atom-
photon coupling within each cavity. We consider the
cases of initially entangled and non-entangled photons.
Spin squeezing is witnessed by the optimal spin squeez-
ing inequalities [14].
This paper is organized as follows. In Sec. II, we review
the concept of spin squeezing and its relation to particle
entanglement. In Sec. III, we review the model system
introduced in [1], and point out that the two-photon hop-
ping interaction Hamiltonian is equivalent to the two-axis
twisting Hamiltonian, that can generate squeezed spin
states. In Sec. IV, our results for the spin squeezing
and particle entanglement transfer are presented in two
subsections for the initially entangled and non-entangled
photonic subsystems. The role of quadrature squeezing
for these transfers is also pointed out. Finally we con-
clude in Sec. V.
II. SPIN SQUEEZING AND PARTICLE
ENTANGLEMENT
Spin squeezing [15] can be defined in terms of Heisen-
berg uncertainty. Such a definition is subjective to choice
of coordinate system. Alternative definition, that takes
into account quantum correlations between individual
atomic spins, is given by Kitagawa and Ueda [4] in the
form
ξ =
∆J⊥√
J/2
(1)
where J⊥ is the angular momentum component in the
direction of the unit vector ~n along which ∆~n · ~J is min-
imized and J/2 is the total variance of each individual
spin-1/2. If ξ < 1 the system is said to be spin squeezed.
2Another spin squeezing criteria, which combines spin
squeezing with particle entanglement, is given by [5]
ξ2e =
N(∆Jn1)
2
〈Jn2〉2 + 〈Jn3〉2
(2)
where N is the number of particles in the system, Jn =
~n · ~J and the ~ns are mutually orthogonal unit vectors.
The condition ξ2e < 1 witnesses not only spin squeezing
but also the particle entanglement. Particle entangle-
ment happens in the first quantization and hence is fun-
damentally different than so called mode entanglement
that occurs in second quantization [16–18].
On the other hand, there exist states for which spin
squeezing parameter given in Ineq. 2 cannot be used to
analyze quantum entanglement [19]. Alternatively, one
may use the following inequalities since it has been shown
that [14] violation of any of them implies entanglement:
〈J2x〉+ 〈J2y 〉+ 〈J2z 〉 ≤
N(N + 2)
4
(3a)
(∆Jx)
2 + (∆Jy)
2 + (∆Jz)
2 ≥ N
2
(3b)
〈J2k 〉+ 〈J2l 〉 −
N
2
≤ (N − 1)(∆Jm)2 (3c)
(N − 1)[(∆Jk)2 + (∆Jl)2] ≥ 〈J2m〉+
N(N − 2)
4
(3d)
where i, j, k take all the possible permutations of x, y, z.
These inequalities are called optimal spin squeezing in-
equalities. The Ineq. 3c is equivalent to the Ineq. 2 for
a system of many particles which has a maximal spin in
some direction [20] and they can be related to the positiv-
ity of concurrence [21]. Very recently, these inequalities
generalized for qudits with arbitrary spin [22].
Entanglement is considered as quantum information
resource, and hence it is desirable to be able transfer en-
tanglement between distant nodes in a quantum network
[8, 9]. In the following section we shall review the two-
photon hopping model and argue that it can serve as an
efficient tool for establishing particle entanglement be-
tween distant atoms via transfer of entanglement from
photon subsystem to atom subsystem.
III. THE MODEL
We consider a system of two spatially separated optical
cavities, each containing a single atom, that is interacting
with the cavity field by two-photon transitions. The cavi-
ties are coupled to each other with two-photon exchange.
The Hamiltonian of the system is written by [1, 23–25]
H = H(1)−H(1)0 +H(2)−H(2)0 +~ζ(a†21 a22+a†22 a21), (4)
where
H(i) = ~ωa†iai + ~ω(σ
(i)
ee − σ(i)gg ) + ~µσ(i)ee (5)
+ ~ησ(i)gg + ~λ(σ
(i)
eg a
2
i + σ
(i)
ge a
†2
i ),
and
H
(i)
0 = ~ω(a
†
iai + σ
(i)
ee − σ(i)gg + (Eg + Ee)/2, (6)
with Eg, Ee being the energies of the ground and exited
states, respectively. The last term in the Eq. 4 is the two-
photon exchange interaction between the cavities, char-
acterized by the hopping rate ζ. The parameters µ, η and
λ are the free energies of the subsystems written in the
convention of Ref. [26], σ
(i)
kl = |k〉(i)(i)〈l| are the atomic
transition operators, k and l denotes either ground (g)
or exited (e) states of the atom and i = 1, 2 labels the
cavities. Throughout this paper, the hopping rate ζ will
be scaled by the free energy λ in numerical calculations
so that in all figures where ζ ≤ 1 corresponds to the local
interaction dominant regimes, while ζ > 1 corresponds
to the hopping dominant regimes.
The spin components for a system of two level atoms
defined by [12]
Sx =
1
2
(σeg + σge)
Sy =
−i
2
(σeg − σge) (7)
Sz =
1
2
(σee − σgg).
Since we are interested in two coupled cavities each has
one atom, we define the spin components of the atoms
for this configuration as follows
Sx = S
(1)
x ⊗ 1(2) + 1(1) ⊗ S(2)x
Sy = S
(1)
y ⊗ 1(2) + 1(1) ⊗ S(2)y (8)
Sz = S
(1)
z ⊗ 1(2) + 1(1) ⊗ S(2)z
where the superscripts (1) and (2) are label the first and
second cavities, respectively.
Likewise, we can consider pseudo-spin operators for the
coupled cavity field such that
Lx ≡ 1
2
(a†1a2 + a
†
2a1),
Ly ≡ −i
2
(a†1a2 − a†2a1), (9)
Lz ≡ 1
2
(a†1a1 − a†2a2).
They satisfy the SU(2) spin algebra [Lα, Lβ] = ǫ
αβγLγ .
Here α, β, γ ∈ {x, y, z} and ǫαβγ is the Levi-Civita den-
sity. In terms of L+ ≡ Lx + iLy = a†1a2 and L− ≡ Lx −
iLy = a
†
2a1, it is straightforward to rewrite two-photon
hopping interaction Hamiltonian Hp = ~ζ(a
†2
1 a
2
2+a
†2
2 a
2
1)
as
Hp = ~ζ(L
2
+ + L
2
−) = 2~ζ(L
2
x − L2y). (10)
This is nothing but the two-axis twisting Hamiltonian
which squeezes the spin states by twisting them about
3the two axes [4]. Clearly neither spin squeezing nor as-
sociated particle entanglement can be achieved via one
photon hopping in coupled-cavity systems, as the cou-
pling term would be a mere rotation operation generated
by Lx, though it would produce mode entanglement.
It should be noted that in collective spin systems, i.e.,
systems in which all spins mutually interact, Eq. 10
is known as the Lipkin-Meshkov-Glick (LMG) Hamilto-
nian whose entanglement dynamics and exact properties
in the thermodynamical limit have been carefully an-
alyzed in Ref. [27–29]. Alternatively, the two-photon
hopping can also be seen as a special case of more gen-
eral nonlinear quantum optical Karassiov-Klimov models
[30]. Following the Lie-algebraic approach, two-photon
hopping term can be recognized by a Jordan-Schwinger
map as the difference of raising and lowering operators
of the Higgs algebra [31]. In the view of background
field method in the Fokker-Plank formalism [32], we then
expect that fluctuations of (Higgs or deformed) effec-
tive photon spin operators drive fluctuations of collective
atomic spin operators coupled to two-photon transition
operators. Fluctuations of two-photon transition opera-
tors can be further linked to the quadrature variances.
We would then intuitively expect that reduction of spin
noise from photon subsystem could be transferred to the
atomic subsystem through reduction of quadrature noise.
We shall numerically investigate these intuitive expecta-
tions for some initial cases in the following section.
IV. SQUEEZING AND ENTANGLEMENT
TRANSFER
In this section we investigate the transfer of spin
squeezing and particle entanglement between distant cav-
ities. To do that, we shall obtain the optimal spin squeez-
ing inequalities for the atomic and photonic systems sepa-
rately, analyze their variations in time and compare them
with each other.
For a given initial state |ψ(0)〉, restricted to two-photon
manifold, the time-dependent state vector |ψ(t)〉 may be
written as
|ψ(t)〉 = A(t)|g, 2〉1|g, 0〉2 +B(t)|g, 0〉1|g, 2〉2
+ C(t)|g, 0〉1|e, 0〉2 +D(t)|e, 0〉1|g, 0〉2. (11)
The general solution of the time-dependent Schro¨dinger
equation i~∂t|ψ(t)〉 = H |ψ(t)〉 in the two-dimensional
submanifold of the Hilbert space is [1]
|ψ(t)〉 = (A1e−iω1t +A2e−iω2t)|φ1〉+ (A3e−iω3t +A4
e−iω4t)|φ2〉+ (α1A1e−iω1t + α2A2e−iω2t)|φ3〉
(α3A3e
−iω3t + α4A4e
−iω4t)|φ4〉 (12)
where αi =
√
2/2(ωi − 0.5), ωis are the eigenfrequencies
described explicitly in [1] as well as Ais and
|φ1〉 = 1√
2
(|g, 2〉1|g, 0〉2 + |g, 0〉1|g, 2〉2) (13a)
|φ2〉 = 1√
2
(|g, 2〉1|g, 0〉2 − |g, 0〉1|g, 2〉2) (13b)
|φ3〉 = 1√
2
(|e, 0〉1|g, 0〉2 + |g, 0〉1|e, 0〉2) (13c)
|φ4〉 = 1√
2
(|e, 0〉1|g, 0〉2 − |g, 0〉1|e, 0〉2). (13d)
The states in Eq. 13 are mutually orthogonal and en-
tangled. Since, this solution allows for Rabi oscillations,
one can transfer entanglement between the symmetric
(|φ1〉 and |φ3〉) and antisymmetric (|φ2〉 and |φ4〉) states
separately [1].
A. Initially Entangled Photons
Let us first start with a state which is initially entan-
gled
|ψ(0)〉 = 1√
2
(|g, 2〉1|g, 0〉2 + |g, 0〉1|g, 2〉2). (14)
Then, at time t, we have
|ψ(t)〉 = A1(e−iω1t + α21e−iω2t)|φ1〉
+ α1A1(e
−iω1t − e−iω2t)|φ3〉 (15)
with A1+α
2
1A1 = 1. For atom-photon system the density
operator, ρ12ap(t), becomes
ρ12ap(t) = |A|2|φ1〉〈φ1|+AB∗|φ1〉〈φ3|
+ BA∗|φ3〉〈φ1|+ |B|2|φ3〉〈φ3| (16)
where
|A|2 = A21[1 + 2α21 cos (δ12t) + α41] (17a)
AB∗ = α1A
2
1[1− α21 + α21eiδ12t − e−iδ12t] (17b)
|B|2 = 2α21A21[1− cos(δ12t)] (17c)
and δ12 = ω1 − ω2. To obtain reduced density opera-
tors ρ12a (t) and ρ
12
p (t) for atomic and photonic systems
respectively we take partial traces as
ρ12a (t) = Trpρ
12
ap(t) = |A|2|g〉11〈g| ⊗ |g〉22〈g|
+
|B|2
2
(|e〉11〈e| ⊗ |g〉22〈g|+ |e〉11〈g| ⊗ |g〉22〈e|
+ |g〉11〈e| ⊗ |e〉22〈g|+ |g〉11〈g| ⊗ |e〉22〈e|) (18)
and
ρ12p (t) = Traρ
12
ap(t) =
|A|2
2
(|2, 0〉〈2, 0|+ |2, 0〉〈0, 2|
+ |0, 2〉〈2, 0|+ |0, 2〉〈0, 2|) + |B|2|0, 0〉〈0, 0|.(19)
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FIG. 1: (Color online) Variation of spin squeezing in atomic
(left) and photonic (right) subsystems, with respect to time
and hopping constant. ζ is scaled by λ and ζ ≤ 1 corresponds
to the local interaction dominant regimes, while ζ > 1 cor-
responds to the hopping dominant regimes. Spin squeezing
is characterized positive values in both figures. At t = 0,
Ineqa = −1 and Ineqp = 1. All the parameters plotted are
dimensionless as explained in the text.
Ineq. 3d gives the following inequalities for atomic and
photonic subsystems, respectively:
Ineqa ≡ 4− 5|A|2 ≤ 0, (20)
Ineqp ≡ |A|2 ≤ 0, (21)
where we take k = x, l = z, m = y in Ineq. 20 and
k = z, l = y and m = x in Ineq. 21. Violation of these
inequalities imply spin squeezing (and particle entangle-
ment) in the corresponding systems and as it can be eas-
ily seen from the Fig.1, indeed this is the case. Initially
we have non-entangled atoms and entangled photons. As
time goes on, atomic system becomes entangled which
induced by the photons, i.e., we have entanglement and
spin squeezing transfer. Transfers occur periodically in
the local-interaction regime (ζ < 1). In the hopping dom-
inant regime, atoms are not entangled or spin squeezed,
while the photons are. As should be expected, almost
pure two-photon entanglement regimes occur more fre-
quent and in broader intervals with the increase of two-
photon hopping rate.
B. Initially Non-Entangled State
We next consider initially a non-entangled state of the
form
|ψ(0)〉 = |g, 2〉1|g, 0〉2 (22)
which evolves in time as
|ψ(t)〉 = A1(e−iω1t + α21e−iω2t)|φ1〉
+ α1A1(e
−iω1t − e−iω2t)|φ3〉
+ A3(e
−iω3t + α23e
−iω4t)|φ2〉
+ α3A3(e
−iω3t − e−iω4t)|φ4〉. (23)
The density operator, ρ12ap, for this case then reads
ρ12ap(t) = |A|2|φ1〉〈φ1|+AB∗|φ1〉〈φ3|+AC∗|φ1〉〈φ2|+AD∗|φ1〉〈φ4|+BA∗|φ3〉〈φ1|+ |B|2|φ3〉〈φ3|
+ BC∗|φ3〉〈φ2|+BD∗|φ3〉〈φ4|+ CA∗|φ2〉〈φ1|+ CB∗|φ2〉〈φ3|+ |C|2|φ2〉〈φ2|+ CD∗|φ2〉〈φ4|
+ DA∗|φ4〉〈φ1|+DB∗|φ4〉〈φ3|+DC∗|φ4〉〈φ2|+ |D|2φ4〉〈φ4| (24)
where
AC∗ = A1A3[e
i(ω3−ω1)t + α23e
i(ω4−ω1)t + α21e
i(ω3−ω2)t + α21α
2
3e
i(ω4−ω2)t] (25a)
AD∗ = α3A1A3[e
i(ω3−ω1)t − ei(ω4−ω1)t + α21(ei(ω3−ω2)t − ei(ω4−ω2)t)] (25b)
BC∗ = α1A1A3[e
i(ω3−ω1)t − ei(ω3−ω2)t + α23(ei(ω4−ω1)t − ei(ω4−ω3)t)] (25c)
BD∗ = α1α3A1A3[e
i(ω3−ω1)t + ei(ω4−ω2)t − ei(ω4−ω1)t − ei(ω3−ω2)t] (25d)
CD∗ = α3A
2
3[1− ei(ω4−ω3)t + α23(ei(ω3−ω4)t − 1)] (25e)
|C|2 = A23[1 + 2α23 cos[(ω3 − ω4)t] + α43] (25f)
|D|2 = 2α23A23[1− cos[(ω3 − ω4)t]] (25g)
5with A1(1 + α
2
1) = A3(1 + α
2
3) = 1/
√
2 and |A|2, |B|2,
AB∗ are given in Eq. 17. The reduced density operators
are given by
ρ12a (t) = (|A|2 + |C|2)|g〉11〈g| ⊗ |g〉22〈g|+
1
2
[
(|B|2 + |D|2 +BD∗ +DB∗)|e〉11〈e| ⊗ |g〉22〈g|
+ (|B|2 − |D|2 −BD∗ +DB∗)|e〉11〈g| ⊗ |g〉22〈e|+ (|B|2 − |D|2 +BD∗ −DB∗)|g〉11〈e| ⊗ |e〉22〈g|
+ (|B|2 + |D|2 −BD∗ −DB∗)|g〉11〈g| ⊗ |e〉22〈e|] (26)
ρ12p (t) =
1
2
[
(|A|2 +AC∗ + CA∗)|2, 0〉〈2, 0|+ (|A|2 −AC∗ + CA∗)|2, 0〉〈0, 2|
+ (|A|2 +AC∗ − CA∗)|0, 2〉〈2, 0|+ (|A|2 −AC∗ − CA∗)|0, 2〉〈0, 2|]
+ (2|B|2 + |D|2)|0, 0〉〈0, 0|. (27)
Then, Ineq. 3d gives
Ineqa ≡ 3|B|2 − |D|2 − 2(|B|2 + |D|2)2 ≥ 0, (28)
for atomic system and Ineq. 3b gives
Ineqp ≡ 2|A|2 − 1 ≥ 0, (29)
for photonic system, where we take k = x, l = z and
m = y. As in the initially entangled case, violation of
these inequalities imply spin squeezing (and particle en-
tanglement) in the corresponding systems. Fig.2 shows
that initially unentangled photons quickly get entangled
and this is transferred to the atomic subsystem similar
to Fig. 1. The Fig. 2 verifies the periodical nature of the
transfers, by anchoring a hopping constant and observing
the time evolutions. In terms of particle entanglement,
then atomic system becomes more correlated at the ex-
panse of the correlation of the field particles and vice
versa.
Dynamics of correlations can be further interpreted by
investigating the quadratures of the photonic subsystems.
Local interaction of the photon-atom subsystems are of
two-photon transition types and thus we expect quadra-
ture correlations directly interact with the atomic spin.
The quadrature operators for the field are defined as
X1 =
1
2
(a† + a), (30a)
X2 =
i
2
(a† − a). (30b)
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FIG. 2: (Color Online) Variations of the spin squeezing in
atomic (left) and photonic (right) subsystems with respect to
time and hopping constant. Both inequalities are violated,
therefore we have both spin squeezed and entangled systems.
Spin squeezing is characterized negative values in both fig-
ures. At t = 0, both inequalities are equal to zero. All the
parameters plotted are dimensionless as explained in the text.
Using the reduced density operators acting on the pho-
tonic subsystems, it can be readily shown that:
(∆X1)
2 = (∆X2)
2 =
1
4
+
1
2
|A|2, (31a)
(∆X1)
2 = (∆X2)
2 =
7
8
|A|2+1
4
(AC∗ + CA∗ + |D|2)
+
1
2
|B|2, (31b)
for initially entangled and initially non-entangled states
respectively. As we see form the Fig.3, for initially en-
tangled state (left) we have ideally squeezed states at
6t
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FIG. 3: (Color Online) Variation of the variances of the
quadratures for (left) initially entangled state and (right) ini-
tially non-entangled state with respect to time and hopping
constant. Quadratures are squeezed for values ≤ 0.25. At
t = 0, (∆X1)
2 = (∆X2)
2 = 0.75 for initially entangled state
and (∆X1)
2 = (∆X2)
2 = 0.6875 for initially non-entangled
state. All the parameters plotted are dimensionless as ex-
plained in the text.
darker regions where the product of the variances of the
quadratures is equal to 0.25 (since (∆X1)
2 = (∆X2)
2).
The behaviour of the quadratures is very similar to that
of spin squeezing inequalities for initially entangled field
(see Fig.1).
In the case that the state is initially non-entangled,
situation is even more revealing. We see from the Fig.
3 (right) that initially there is no quadrature squeezing.
But at later times we observe such correlations; especially
at the darker regions we have (∆X1)
2 = (∆X2)
2 ≤ 1/4.
Thus, in the light of above observations about quadra-
tures, we conclude that (i) photon subsystem corresponds
to effectively a spin system that is, under two-axis twist-
ing interaction, squeezed, and particle entangled (ii)
atoms do not directly interact with this effective spin
system, but couple to the field by two-photon transitions
that can be linked to quadrature squeezing. (iii) Sharing
the quadrature squeezed particle entangled photons, the
atoms build up sufficient noise reduction in particular di-
rections to become spin squeezed and hence get particle
entangled.
V. CONCLUSION
Summarizing, we examine a system of two cavities
containing single atoms coupled to the cavity field by
two-photon transitions. The cavities are coupled by two-
photon hopping interaction. We write the coupling as
two-axis twisting model of spin squeezing, which is also
equivalent to LMG model. We investigated spin squeez-
ing and particle entanglement in atom and photon sub-
systems. We consider two cases: one of them is initially
entangled and the other is initially non-entangled. In
both cases, we analytically and numerically determine
that both spin squeezing and entanglement are trans-
ferred from the photonic subsystem to the atomic sub-
system and vice versa. We briefly argued that coupling of
the atomic collective spin variable and the effective pho-
tonic spin is not a spin-spin interaction but of the form
in which the quadrature correlations seem to be playing
a crucial role. We numerically verified that the transfer
of spin squeezing between photons and atoms could be
mediated by quadrature squeezing.
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